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Abstract. Let X be a Banach space and (O, E) be a measure 
space. We provide a characterization of sequences in the space of 
X-valued countably additive measures on (f2, E) of bounded vari- 
ation that generates complemented copies of t\. As application, 
we prove that if a dual Banach space E* has Pelczyhski's property 
(V*) then so does the space of -E*-valued countably additive mea- 
sures with the variation norm. Another application, we show that 
for a Banach space X, the space ^(X) contains a complemented 
copy of t\ if and only if X contains all £™ uniformly complemented. 



1. Introduction 

Let X be a Banach space and (Q, S) be a measure space. We denote 
by M(Q, X) the space of X-valued countably additive measures on 
(O, E) that are of bounded variation with the usual total variation 
norm. If E and F are Banach spaces, we denote by E® n F (resp. 
E§) £ F) the projective (resp. injective) tensor product of E and F. We 
will say that a sequence (x n ) n is equivalent to a complemented copy 
of l\ in X if (x n ) n is equivalent to the unit vector basis of l\ and its 
closed linear span is complemented in X. 



In |12] characterization of sequences that are equivalent to comple- 
mented copy of t\ in Bochner spaces were given. In this paper we will 
extend the characterization of [Q for the space M(Q,X). When X 
does not have the Radon-Nikodym property one cannot hope to rep- 
resent a measure by its Bochner derivative, but we can always have 
a weak*-density valued in X**. That is the approach we will take to 
characterize sequences in M(Q, X) that generates complemented copy 



of t\. This approach was used by Talagrand in [115] to reduce the study 
of spaces of vector measures to that of vector valued function spaces. 
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Our main result can be viewed as a common generalization of Theo- 



rem 1 of 121 and Theorem 15 of 111 911. We show that if (e„)„ denotes 



the unit vector basis of Co and (m n ) n a sequence in M(Q, X) then there 
exists a sequence G n G conv{m n , m n+ i, . . . } such that p(G n )(uj) ®e n ) n 
is either weakly Cauchy or equivalent to the i\ basis in X**® v cq (here 
p(G n )(-) denoted a weak*-density of G n that will be described below). 
We then use this result to test whether a given sequence (m n ) n in 
M(Q, X) contains a subsequence equivalent to a complemented copy 
of l\ or not. 

In Section 2, we set some preliminary background about the space 
M(fl,X). In particular, we extend the characterization of the dual of 
M(Q, X) given by Talagrand in |19] to characterization of operators 
from M(tt,X) into i x . 

Section 3 is devoted to the proof of our main theorem about the 
characterization of sequences in M(fl, X) that generates complemented 
copy of i\. 

In Section 4 and Section 5, we apply the main theorem to study 
Pelczyhski's property (V*) for M(Q, X) and complemented copies of 
l\ in £ 00 (X) and L°°(A, X). We proved that if X is a dual space then 
M(Q,X) has property (V*) whenever X does. Using the structure of 
spaces of vector measures, we were able to characterize Banach spaces 
X so that £oo(X) contains complemented copy of l\. This problem was 
raised in |T6|] (P. 389) (see also |J Problem 1). Diaz proved in that 
if X is a Banach lattice then t^iX) contains complemented copy of £± 
if and only if X contains all l\ uniformly complemented. We obtained 
that similar characterization holds without the lattice assumption. 

Unexplained notation and terminology can be found in the books || 
and [ECU. 



2. Preliminaries 

Let (Q, E) be a measure space and X a Banach space. For m G 
M(Q,X), we denote by \m\ its variation. Let A be a probability mea- 
sure on Q with \m\ < A and consider p a lifting of L°°(A) For each 
x* G X*, the scalar measure x*om has density (d/d\)(x*om) G L°°(X). 
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We define p(m)(u) to be the element in X** defined by 
p(m)(u) = p (4t( x * ° m ) ) M • 



It is known that x*(m(A)) = f A (p(m)(u)),x*)d\(u) for each measur- 
able subset A of Q and each x* e X*. Similarly, it can be shown 
that 



In the case X = E* is a dual space, p(m)(u) will be the element of X 
defined by 



Let us denote by r the product on (X**) N of the weak*-topology. It 
was observed in |19| that if (m n ) n is a sequence in M(Q, X) such that 
| win | < A for every n G N then the map : — > (X^*) N defined by 



For a Banach space X and a compact Hausdorff space fi, we denote 
by C(Q, X) the space of all X- valued continuous functions with domain 
Q. It is a well known fact that C(Q,X)* is isometrically isomorphic to 
M(Q, X*). This fact will be used in the sequel. 

We also need some duality results between spaces of operators and 
tensor products. Let X and Y be Banach spaces. The space of bounded 
operators from X into Y will be denoted by C(X,Y); N(X,Y) will 
stand for the space of nuclear operators from X into Y and I(X, Y) 
will denote the space of integral operators from X into Y. We refer to 
and [^(J for basic properties of these spaces. The following identifi- 
cations will be used throughout this paper; for what follows the symbol 
m means isometrically isomorphic. 

Proposition 2.1. For Banach spaces X and Y , 





((/ o m) (u) for every y E E . 



9{uj) = (p(m n )(uj)) n >i is r-Borel measurable. 



(i) X*^Y^N(X,Y); 

(ii) (X^Yy^C(X,Y*); 

(iii) (X® £ Y)* w/(X,Y*). 
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As in ||12|| , the notation Xi will be used for the closed unit ball of a 
given Banach space X; and finally, to avoid confusion, we will denote 
by (e n )„ the unit vector basis of Co while those of l\ will be denoted by 

\&rn IT!.- 



Following the approach of |19| , we will study bounded operators from 
M(Sl,X) into l x . 

Lemma 2.2. Let X be a Banach space and S = {S*, S G £(cq, X)i}. 
Then S is weak*-dense in C(X*,£ 1 ) 1 . 

Proof. If we denote by n n : i\ — ► P[ the canonical projection then for 
every operator T G C(X*,£i), the sequence (7r„ o T) nGN converges to 
T for the strong operator topology so \J n>1 C(X* , is weak*-dense 
in £(AVi)i. If we denote by <S n = {5*, 5 G X^} then it is 

enough to show that S n is weak*-dense in C(X*, £™)i. To see this notice 
that K(e^,X) m = X**). Let T be an element of £(X*,£i)i; 

T* G £(^,X**)! so the exists a net (5«) a of elements of C{e^ Q ,X) 1 
that converges to T* for the weak*-topology in jC(£' i ^ , X**)i and it is 
now easy to check that (£*) a converges to T for the weak*-topology in 
jC(X*,€jf)i. The lemma is proved. □ 

Let B be a subset of £(M(fl, defined as follows: 

T G i3 if and only if there exists a finite partition Qi, fl 2 , . . . , Q n of 
ft and t u t 2 ,... , t„ G £(X, 4)i such that V m G M (fi, X) 



T(m) = ^t i (m(a))G£ 1 . 
i=i 

Clearly £> is a subset of C(M (ft, X),£i)i and is convex. 
Lemma 2.3. The set B is weak*-dense in C(M(fl, X), £i)i. 



Proof. To see the lemma, note that from ll| p. 719, if E is a Banach 



space and A is the subset of M(0, £")* defined by </? G ^4 if and only if 
there exist a finite measurable partition . . . , Q n of Q and x*, . . . , x* 
in such that <^(m) = Yh=i x i{ m i^i)) then .4 is weak*-dense in the 
unit ball of M(Q, E)\. As above, since U n >i C(M(Q, X), is dense in 
£(M(f2, X), £i)i for the strong operator topology, it is enough to check 
that for each n > 1, C(M($l, X),t^) x C B" eak *. Notice also that if T G 
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C(M(Q, X),£ 1 ) 1 and there exist measurable partition Q 1 , Q 2 , . . - , of 
VI and ti, t 2 , . . . , t k in C{X, ii) such that T(m) = J2i<k U (m^i)) fc> r ah 
m G M(fi,X), then ||^|| < 1 for all % < k. 

For each n G N, we have C(M(Q,X),^) « (M(Q, X)§>X>)*- We 
claim that the space M(fi, X)®^^ is isomorphic to M(Q, Xig)^^). 
To see this notice that every element u of M(Q, X)®^^ has a unique 
representation u = Y^=i m i ® e *- Consider the following map J : 
M(fi, X)®^ -> M(fi, X®^) defined by J(£? =1 m^e,) = £? =1 ^(")® 
ej. The operator J is well defined, ||J|| < 1 and it is immediate that 
J is one to one and onto. So J* : M(tt, X&J 1 ^)* -> £(M(Q,X),^) 
is also one to one and onto. There exists a constant C such that 
C.J* ((M(fi, X)®^)*) contains £(M(Q, X), ^d. Define .A as above 
(£ = X&nQ). Since A is weak* dense in M(fi,X® 7r ^)*, the set 
aj*(i)n£(M(n, X), ^ is weak* dense in the space £(M(Q, X), ^% 
We conlude the proof of the lemma by noticing that C.J*(A)nC(M(fl, X), 
is contained in £>. The lemma is proved. □ 

Let A be a probability measure on Q with \m\ < A. We define a map 
Z(-,m) in £> as follows: 

Z(-,m) : £^L°°(A,£i) 

with if (/? G £> is defined by the finite measurable partition . . . , Q n ) 
of f2 and ti, . . . , t n G £(X, £1)1, 

^W™) = 2^ — T\ — X ^ ■ 

i<n dA 

Notice that since l\ has the RNP, the measure ti o m has Bochner 
density with respect to A, hence d(U o m)/d\ exists and belongs to 
L°°(A,£i). Also for every measurable subset C of Q, 

Bochner- / Z(ip,m) dX — ip(mc) (1) 
J c 

where m c (A) = m(A fl C) for every AgS. In particular 

Bochner- / Z((p,m) dX — (p(m) . 
Jn 

Note that L°°(X,£i) is the dual of L 1 (A,c ). Let {fa) a G B such that 
for every £ G M{Q, X)®^cq, \im a ((p a ,£) exists. For every C G £ and 
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U e C , 

/ (Z(<p a ,m),u) d\ = (<p a {m c ),u) 

JC 

= ((f a ,mc ® u) 
= (Z(ip a ,m),uX c ) 

so for any simple function / in L 1 (A,c ), ]xm a (Z(ip a , m), f) exists and 
since simple functions are dense in L X (A, c ), we conclude that the map 
Z(-,m) is weak*- uniformly continuous. Hence it has a continuous 
extension still denoted by ip i— > Z(ip,m) from C(M (ft, X),£i)i into 
L°°(\ix). Equation (1) is still valid for every <p G C(M(fl,X),£ 1 ) 1 . 

Proposition 2.4. Let if G C(M(Q, X),£ 1 )i and (m n ) n be a sequence 
in M(Q,X) with \m n \ < A for every n G N. There exists a count- 
able subset D of the unit ball of £(X**,£i) and a map uo \— > T{u) G 
L> so mar /or every n G r*J, 

Z(tp,m n )(u) = T(u)(p(m n )(u))a,.e. 

Proof. Here we adopt the methods used in |L9] and [[L4]] (Lemma 1). 
Recall that (ej)j denotes the unit vector basis of cq. For each j G N 
and m G M(f2,X), |m| < A, we define 

Zj(-,m) : C(M(tt,X),£ 1 )i -> L X (A) 

by Zj(<f,m)(uj) = (Z(<p,m)(uj),ej) a.e. 

The map Zj((p,m) takes every <£> G £(M(fl, X),^x)i into -^°°(A) and 
since in the unit ball of L°°(A), the topologies o"(L°°, L 1 ) and ^(L 1 , 
coincide, the map Zj(-,m) is weak* to weakly continuous. 

For each pGN, define 

^:£(M(fi,X),£ 1 )i^(^ 1 (A)) 2p 

V 5 ^ — ► {Zj{ip,m n )) n < p 
j<p 

Same as above, Z( p ) is weak* to weakly continuous. Since B is weak* 
dense in C(M(Q, X),t\)\, we can choose an operator ip p G B such that 

\\ZW{<p p )-ZV>(<p)\\<2-' 

so 

sup-fll^^m,,) - Zj-(^,m n )||i, n<p, j<p}<2~ p . 
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lim(Z((/? p ,m n )(u;),ej) = (Z(<p, m n )(u;), e,) 

a.e. and we deduce that for a.e. a;, 

weak*- lim Z((p p , m„)(w) = Z(ip,m n )(ui) VhgN. 

For each pGN, let </? p (m) = E;<fc p T iiP (m(n iiP )) where T iiP G £(X, ^ 
and (fij iP )j<A; p is a measurable partition of Q. Let J : c — > be the 
natural inclusion. We need the following lemma: 

Lemma 2.5. Let T G £pf,4) and m G M(fi,X) joit/i |m| < A. 
T/ie Bochner density of the measure T o m G M(f),€i) owen fry 
u j* o T**(p(m)(uj)). 

To see the lemma, notice that for every u G c , the scalar valued map 
given by uo — > (J*oT**(p(m)(uj)),u) is measurable. In fact, for each a; G 
ft, (J* o T**(p(m)(uj)),u} = (p(m)(uj),T*Ju} and since T*(Jm) G X*, 
the function J* o T**(p(m)(-)) is weak*-scalarly measurable and since 
i\ is a separable dual, J* oT**(p(m)(-)) is norm- measurable. Moreover 
for every AgE and u G Co, 

(^J^J*o T*(p(m)(uj)) d\(co),uj = Jjp(m)(w),T*Ju) d\(to) 

= (m(A),T*Ju) = {Tom(A),Ju}. 

The lemma is proved. 

To complete the proof of the proposition, set D = { J* o T** i < 
k p and p > 1}. The set D is a countable subset of C(X** ,£i) 1 . 
Now consider a free ultrafilter W of N. For each uo G ft, let T(u;) G 
jjcr{C{x ,h),x ®,rCo) ^ e ^ e wea k*_ii m it along W of the sequence (J* o 
p ) P eN where i(p, uj) is the unique i < k p so that c<j G J\ p . We now 
have for a.e. uo G VL: 

Z{ipp,m n ){u) = ^ — X QitP {u) 



8 NARCISSE RANDRIANANTOANINA 

and hence by taking the weak*-limit on p, we get 

Z((p,m n )(u) = T(u)(p(m n )(u)) . 
This completes the proof. □ 

Remark 2.6. If X = Y* is a dual space then p(m n )(uj) G X for every 
uj. The set D in the above proposition can be chosen as a subset of 
C(X,£i) and the map to \— > T(u) G Yj a ^ X '^' X ® 7rC ° £ a fc es ^ s va i ues { n 

3. Complemented copies of i x in M{Q,,X) 

In this section we will provide a characterization of some sequences 
in M(Q, X) that generate complemented copies of i\ generalizing the 
characterization given in |T2|] for Bochner spaces. Specifically we will 
study, for a sequence (m n ) n in M(fl,X), the weak convergence of the 
sequence (m n ® e n ) n >i in M($7, X)<^ n Co. For the rest of this section, 
(Q, E) is a measure space, A a probability measure on (Q, E) and p a 
lifting of L°°(A). For simplicity we will denote by 

M°°(A,X) = {me M(n,X) , \m\ < A} . 

The following result is our main criterion for determining if a given 
sequence in M(f2, X) has a subsequence that generates a complemented 
subspace equivalent to £±. 

Theorem 3.1. Let (m n ) n be a sequence in M°°(A, X) . Then there 
exist a sequence G n G conv{m n , m n+1 , . . . } and two measurable subsets 
C and L of Q with X(C U L) = 1 and such that: 

(a) foruj G C , (p{G n ){oj) ® e n )„>i is weakly Cauchy in X**§) n c ; 

(b) for u G L, (p(G n )(uj) ® e„) n >i is equivalent to the unit vector 
basis of ii inX**®^c G . 

Proof. We will reduce the proof to the case of Bochner spaces treated 
p~2j| based on the approach used by Talagrand in the proof of The- 



ni 



orem 13 of |T!|. For what follows, we will identify (for a Banach E) 
the space ioo(E) to the space C(£i,E): A sequence (x n ) n in £oo(E) is 
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identified to the operator T G C{t\,E) defined by 

oo 

T((a n ) n ) = o-nXn for every (a n ) n G £\ . 

n=l 

Let F be a separable Banach space. Consider (U n ) n a countable basis 
for the weak*-topology on C{F,t\)\. As in [O, we denote by /C the 
set of all (weak*) compact sets of C(F, and we say that a map 
c<j i— > X(o;) from to /C is measurable if for each n G N, the set 
{co> G Q, K(u) fl C/ n 7^ 0} is measurable. 

We are now ready to present the proof of theorem. Recall that 
p(nT>n)(w) G X** for every n G N and Define for ui G fi, 

= {(t(p(m„)M)n>i ; t G £(£",4)1} • 

Clearly -fToO^O is a subset of the unit ball of ^oo(-^i) and by the identifica- 
tion above, we will view Kq{oj) as a subset of C(£\, £1)1 so K : Q — ► /C 
and we claim that ifo(") is measurable. To see this for each /c, j G N 
and e > 0, let 

tf fcJ (e) = {T G 4)i , \(Tel,ej)\ < e} . 

We get that 

{00 : #oM n U k>j (e) 0} = {lo : 3 T G tfoM n ^-(e)} 

= : 3 t G £(X**,^)i ; \{t(p(m k )(u), ej )\ < 

Let 5 = {S*,S G £(c ,X*)!} C £pfVi)i. 5 is weak*-dense in 
£(X**,4)i and 

{cu : n L/^e) ^ 0} = {lo : 3 t G S , \(t(p(m k )(u)), e 5 )\ < e} 

= {u : (p(m n )(u)) n > l G V k j(e)} 

where the set V k j(e) is defined by 

V kJ (e) = {K)„ G X** N ;3 t G 5 , |(tK),e,)| < e} 

= {(a n ) n G X** N ; S G £(^,1*)! , \(a k ,Se,)\ < e} 

so Vfej(e) is an open subset of X** N for the topology r (product of 
the weak*-topology of X**). Now since to i— > (p(m n )(a;)) n > 1 is r-Borel 
measurable, the set {u; : i^o(^) H U k j(e) ^ 0} is measurable and one 
can conclude that K (-) is measurable using the fact that (U k> j(e)) k) j t£ 
form a subbasis for the weak*-topology of C(£i,£i)i. 
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Let f n (u) = e* n V u G Q. The sequence (/„(•))« G L°°(A,£i). We 
can apply to the sequence (/„)„ the construction used in the proof of 
Theorem 1 of []T2j| starting from h° n = f n and Kq(u) as above. The 



construction yields measurable subsets C and L with A(CUL) = 1 and 
a sequence g n G conv{/„, f n+ i, . . . } such that for u G C, (t, g n (u) ®e n ) 
converges for every t G K (u>) and for u G L, there exists a, 6 G R, 
a < b such that for any finite sequence of zeroes and ones a, there 
exists t G Kq{oj) such that 

cr n = 1 (t, n (a>) (8) e n ) > 6 
cr n = =>> (t, g n (uj) ®e n )<a. 

If #n = J2i= Pn a ifi witn Pi < Qi < Vi < 12 ■ ■ ■ and T,j= Pn a» = 1, the 
sequence G n = J2i= Pn (Hfrii satisfies the conclusion of the theorem. □ 

Theorem 3.2. Let (m n ) n be a sequence in M°°(X, X) . 

(a) If for a.e. to G VL, the sequence (p(m n )(u))(3e n ) n is weakly Cauchy 
in X**® n co then (m n g) e n ) n is weakly Cauchy in M(0,X)® 7r co; 

(b) If for a.e. uj G £/ie sequence (p(m n )(uj) ® e n )„ is weakly null 
in X**® n co then {m n ® e„) n >i is weakly null in M(D,,X)§> n CQ. 

(c) If there is L C Q, A(L) > such that for uj G L, there exists 
k G N suc/i i/iai the sequence (p(m n )(uj) ® e n ) n >k is equivalent to the 
£i-basis in X**®^cq then there exists k G N suc/i i/iai the sequence 

equivalent to the li-basis in M(Q,X)® n c . 

Proof. To prove (a), let T G £{M{Q, Xy 1 )^ By Proposition 2.4, there 
exists a map u; i— > T(u;)(f2 i— ► £(X**,£i)i) such that 

Z(T, m n )(uj) = T(ui)(p(m n )(uj)) a.e. VneN. 

If for a.e. uj, (p(m n )(u) ® e n )„ is weakly Cauchy in X**®„-co, then for 
a.e. a;, 

lim (Z(T,m n )(a;),e n ) = lim {T(u)(p(m n )(u)),e n ) 

n— >oo n— >oo 

exists for a.e. w G and therefore 

lim (T, m n ® e n ) = lim / (Z(T,m n )(u)),e n ) d\(u) 



n— >oo 



exists. Hence (m n £*De n ) n is weakly Cauchy in M(fl, X)® n CQ. The proof 
of (b) follows by the same argument. 
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Let us prove (c). Here we will adopt the proof of Theorem 15(c) of 
||19|| . For uj G L and k G N, let a(k,uj) be the best constant a such 
that (p{m n ){uj) ® e n ) n >fc is a-equivalent to £ x . We have 



a(k, uj) = Inf 



a n p(m n )(uj) <g) e„ / ^ |a n | ^ 



where the infimum is taken over all finite sequence of rationals. The 
map a(k, •) is measurable. Since linn^oo a(k, to) > for all uj G L, 
there exists P C L, A(P) > and fceN such that (p(m n )(ci;) <g>e n ) n >fc 
is a-equivalent to £ x for each uj <E L'. 

Let P and Q be 2-disjoint finite subsets of [k, oo). For each a; G P, 
there exists T(tu) G C(X**,£ 1 ) 1 such that 

(T(w)(p(m g )(o;)),e 9 ) > a/2 for g G P 

and 

(T(w)(p(m,)(u;)),e,) < -a/2 for g G Q . 

Since P U Q is finite, and the set {S*; S G £(c ,X*)!} is weak*-dense 
in jC(X**, £i)i, the operator T(u) above can be chosen in such a way 
that T(uj) = S(lu)* where S(cu) G C{c^,X*) x . Define 

[/(a;) = W G P, (T( W )(/)K)( W ')),e 5 ) > a/2, g G P 
and (T(lj), (p(m q )(u')),e q ) < -a/2, g G Q } 
= {a/ G P, (pK)(w'), 5(a;)e,) > a/2, q G P 
and (p(m q )(ui'),S(uj)e q ) < -a/2, g G Q } • 

We notice as in Jl9| that U{uS) C p(U(u)) and since uj G U(u), 
p(U(u)) 7^ and hence A(P(a;)) > 0. Let D be a countable subset 
of P such that X([j ueD U(u)) is maximal (among the possible choices 
of D). Then A(P \ LLer> ^ (^0) = 0, so we can choose u>i, ... ,u n <E L' 
such that 

A^eW) >A(P)/2. 

\i<n / 

Let Qi = U(uJi) \ \Je<i U(uJe), £l x , . . . ,O n is a measurable partition of 
U< n a. We define T G £(M(fi, X), £ x ) by 

T(m) = ^T(^)(m(a)) V m G M(fi,X) . 
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The operator T is well defined and ||T|| < 1. Moreover for 
qeP =► (TK),e,)>-A(i') 

qEQ (TK),e,>>--)(L'). 
In fact for every q £ P, 

(T(m q ),e q ) = ^(T(^)(m g (^)),e ? ) 

i<n 



J^(weak* - / p(m q )(uj) dX, (u),S(u>i)e q ) 

i<n Jfti 

J2 / (p(m q )(uj), S(ui)e q ) dX(uj) 



i<n 



i<n ~~ 



The same estimate is valid for qEQ. 

It follows from Rosenthal's argument in [Tj| (see also || p. 205) that 
(m„(g)e n )„>fc is ^A(L')-equivalent to the £i-basis in M(Q, X)<§) w co- The 
theorem is proved. □ 

Remark 3.3. If the Banach space X is a dual space, then Theorem 
3.1 and Theorem 3.2 are still valid with X**®^Cq replaced by X® % cq. 
The proofs for this case are just notational adjustments of the proofs 
given here for Theorem 3.1 and Theorem 3.2 respectively. 

4. Pelczynski's property (V*) for M(Q,X) 

Definition 4.1. Let E be a Banach space. A series Y^=i x n in E is 
said to be a Weakly Unconditional Cauchy (W.U.C.) if for every x* in 
E*, the series S^Li |^*(^n)| is convergent. 

There are many criteria for a series to be a W.U.C. series (see for 
instance || or ||20|1 ). The following definition introduced by Pelczyhski 



in 



10 1 isolates the class of spaces that we would like to study in this 



section. 

Definition 4.2. A Banach space E is said to have property (V*) if a 
subset K of E is relatively weakly compact whenever lim^oo sup^^ \x(x 
for every W.U.C. series T,n=i x n in E* . 
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Definition 4.3. A subset K of a Banach space E is called a (V*)- 
set if for every W.U.C. series Y^=i x * n m E* , the following holds: 
lim^oo sup xgA: \x(x* n ) \ = 0. 

Hence a Banach space E has property (V*) if and only if every (V*)- 
set in E is relatively weakly compact. 

The notion of (V*)-set was introduced and studied by Bombal in |L|. 
He proved ( see [T] Proposition 1.1) that a subset K of a Banach space 
is a (V*)-set if and only if for every operator T G C(E,£i), T(K) is 
relatively compact in £ x . Using the fact that C(E,£i) « (E® n co)*, the 
following lemma is immediate 

Lemma 4.4. A subset K of a Banach space E is a (V*) subset if and 
only if for every sequence (x n ) n in K, the sequence {x n ®e n ) n is weakly 
null in E^^cq. 

Property (V*) has been considered by several authors. We refer 
t° 0i 0, @) 0; 01 an d 10 f° r more additional information on 



property (V*). Perhaps the most appealing fact about property (V*) 
is its connection with complemented copy of l\. ^From a result of 
Emmanuele (see also 0), the following simple characterization can 
be deduced. 

Proposition 4.5. A Banach space E has property (V*) if and only if 
E is weakly sequentially complete and every sequence that is equivalent 
to the unit vector basis of t\ in E has a subsequence equivalent to a 
complemented copy of i\. 

The most notable examples of Banach spaces with property (V*) 
are L 1 -spaces. It was shown in [E| that Bochner spaces L 1 (A,X) has 



property (V*) whenever X does. In this section, we will study the 
property (V*) for the space M(0, X). Since M(fl) is an L 1 -space, it 
has property (V*) and it is a natural question to address if M(Q,X) 
has property (V*) whenever X does. It was shown in |19|] that if X 
is a weakly sequentially complete dual space, then M(fl, X) is weakly 
sequentially complete. A counterexample by Talagrand in []T5J reveals 
that there exists a Banach lattice X with property (V*) with M(Q, X) 
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containing cq. The following theorem can be viewed as a common 



generalization of Theorem 2 of [[HJ and Theorem 17 of ||19| . 

Theorem 4.6. Let X = Y* be a dual space. The space M(Q,X) has 
property (V*) if and only if X does. 

Proof. We will prove the non-trivial implication. Let K C M(Q,X)i 
be a (V*)-set. The set K does not contain any sequence that generates 
a complemented copy of l\. 

Notice that the space M(Q,X) = M(Q,Y*) is isometrically isomor- 
phic to C(f2, Y)* and therefore M(Vt, Y*)®^Cq can be identified to the 
space N(C(Q,Y),Co). 

The following lemma will be used. 

Lemma 4.7. Let Y be a Banach space and (?/*) n a bounded sequence 
in Y* . Assume that: 

&n)n>l is 

weakly Cauchy in Y*(^ 7r c ; 
(ii) There exists a convex combination of (^®e n ) n >i say (J2il Pn a iUi^> 
Gi)n>\ such that 



lim 

n— >oo 



JIVO \ 

l=Pn 



then (?/* <S> e n )„>i is weakly null in Y*§) n c . 

To see the lemma, let u be an element of Y*® 7T cq; u can be viewed 

? n av* 



as an operator from Y into c . If u is of the form u = Ya= p a iVi ® e 



then we claim that 

To see this notice that {Y*^ 7T c )* = C(Y* ,£x) and I(Y,£ 00 ) is a dual 
space with predual Y® £ £\ « K w *(Y*,£i) the space of weak* to weakly 
continuous compact operators from Y* into £\. 

Let e > 0, the space S = {S*,S G C(co,Y)x} is weak*-dense in 
C(Y*, £i)i so it is norming. There exits S G £(co,F), 1 1 *S r 1 1 = 1 such 
that 
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define K : c — > F by i^e^ = S'e, for i 6 [p„, g n ] and Kei = otherwise. 
The operator K is clearly bounded with \\K\\ < \\S\\ < 1. Moreover 
the operator K* G K w *(Y*,£i) and (u, S*) = (u,K*) < IMI/^,^) so 
IMIy.g CQ < Hwllz^oo) + £ and since e is arbitrary, the claim follows. 

We finish the proof of the lemma by noticing that the sequence (y* (g> 
e n ) n is weakly Cauchy and is a weak-cluster point of (y* ® e n ) n so 
{Vn ® e n)n is weakly null. The lemma is proved. 

We are now ready to proceed for the theorem. Without loss of gen- 
erality we can assume that there exists a probability measure A on 
(Q, E) such that \m\ < A for every m G K. Let (m n ) n be a sequence in 
K. Since K is a (V*)-set, for any sequence G n G conv{m n , m n +i, ■ ■ ■}, 
Lemma 4.4 implies that (G n ® e„) n is weakly null in M(fl, F*)(g) 7r CQ. 
Applying Theorem 3.1 to the sequence (m n ) n , there exist a sequence 
G„ G conv{m n , m n+1 , . . . }, measurable subsets C and L of Q with 
A(CUL) = 1 and such that: 

(a) for uj G C, (p(G n )(uj) ® e n ) n >x is weakly Cauchy in Y*<§) w c ; 

(b) for w 6 L, (p(G n )(o;) <8> e n ) n >i is equivalent to £i in F*®,^. 
But since (G n £g> e n ) n is weakly null in M(f), F*)®^.Co, we conclude 

from Theorem 3.2(c) that A(L) = so for a.e. u, the sequence (p(G n )(u)® 
e n )n>i is weakly Cauchy in Y*®^cq. 

On the other hand, the space M(Q,Y*)<§) n CQ can be identified to 
N(C(Q, F), Co). Let J be the canonical injection of N(C(Q, F), cq) into 
7(C(n, F), ^oo). The space I(C(fl,Y),£ QO ) is isometrically isomorphic 
to I(C(Q), J(F, £oo)) (see Theorem 3 of |I7|]) which is also isometrically 
isomorphic to M(Sl, I(Y, l^)). Let us denote by 9 : I(C(£l, F), C) -> 
M(£7, J(F, £oo)) the isomorphism. 

Lemma 4.8. Lei G be a measure in M(Q,Y*) and e G Cq. If we 

denote by G the measure in M(Q, I(Y, £oo)) given by G = 6 o J(G £g> e) 

p((5)(cj) = p(G)(u) <g> e a.e. 
To see this let / G C(fi) and y G F 

(G,f){y) = (G,f®y) 

= (G®e,f®y) 



n 
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f(u)(p(G)(u),y)ed\(uj) 
and by the definition of p(G), 

(G,f®y)= I f{w)p(G)(w)(y) d\(u). 
Jn 

So we conclude that for each y E Y, 

p(G)(u)(y) = (p(G)(uj)®e)(y) a.e. 

and the lemma follows. 

To conclude the proof of the theorem, recall that {G n ®e n ) n is weakly 
null in the space M (Q, Y*)®^cq. ^From the identification above, if 
we denote by G n = 9 o J{G n ® e n ) then (G n ) n is weakly null in 
M(Q,I(Y,£oa)). Using Theorem 16 of |19| , we can find pi < q\ < 
p 2 < q 2 ---p n < q n and sequences with J2l= Pn «i,n = 1 f° r all 

n£N such that for a.e. uj G Q, 



lim 

n^oo 



0. 



5^ a ijn p(Gi)(u) 



i=p n 



But p{Gi){uj) = p{Gi){uj) ® so applying Lemma 4.7, (p(G n )(u) <8> 
e n )n>i is weakly null in K*<8)„-co for a.e. tu, and we can deduce from 
Lemma 4.4 that {p(G n )(u), n > 1} is a V*-set in Y* and since Y* 
has property (V*), {p(G n )(uj),n > 1} is relatively weakly compact in 
Y* (for a.e. uj). Hence by Theorem 1 of |[L4j| , is relatively weakly 
compact. The proof is complete. □ 

5. Complemented copies of £ 1 in 4o(X) 

In this section, we will apply Section 2 and Section 3 to investigate 
the following question: when does £oo(X) contain a complemented copy 
of £{l A closely related question was raised in |16|] p. 389 (see also 



Problem 1). The expected answer would be that X contains a 
complemented copy of £\. But this is not the case since the space 
X = (0 n ^i)co does not contain any copy of £\ but iooiX) rs (©n^)^ 
contains a complemented copy of l\. Diaz || has found an interesting 
result in this direction using local theory. Following 0, we will use the 
following definition: 
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Definition 5.1. Let 1 < p < oo. A Banach space X is said to be 
an Sp-space or that it contains all £™ uniformly complemented or it 
contains a complemented local copy of £ p if there is some constant 
C > 1 such that for every n G N there exist operator J n G C(£p,X) 
and P n G C(X, E™) such that P n J n = idgn and ||-P n || ■ \\J n \\ — C- 

We notice that a Banach space X is an S^-space if and only if its 
dual is an >Sy-space (1/p + 1/p' = 1). As a result a Banach space X is 
an Sp-space if and only if X** is an Sp-space. 

For the following theorem, (Q, £, A) is a finite measure space. 

Theorem 5.2. Let X be a Banach space. The following statements 
are equivalent. 

1. L°°(A,X) contains a complemented copy of l\; 

2. £oo(X) contains a complemented copy of l\; 

3. co(X) contains all P[ uniformly complemented; 

4. X contains all P[ uniformly complemented. 

This theorem was proved in under the assumption that X is a 
Banach lattice. It should be noted that in the proof given in 0, the 
lattice assumption was used only to show that (2) =^ (3). So we will 
present here the implication (2) ^> (3) and we refer to || Theorem 1 
for the other implications. We will divide the proof into two parts. 

Proposition 5.3. Let (Q, E, A) be a finite measure space and E be a 
Banach space. Let (m n ) n be a bounded sequence in M°°(X, E) . If E** 
does not contain any complemented copy of t\ then the sequence (m n ) n 
does not have any subsequence that generates a complemented copy of 
l x in M(tt,E). 

Proof. To prove that {rn n ) n does not contain any subsequence equiv- 
alent to complemented copy of £\, it is enough to show that for every 
operator T G £(M(f2, E), £±), {T(m n ),n > 1} is relatively compact in 
£ v To see this let T G £{M(Q, E),l x )\ and p be a lifting of L°°(A). By 
Proposition 2.4, there exists a map uj i— > T(u)(Q — > C(E** , £i))i such 
that 

Z(T,m n )(uj) = T(u)(p(m n )(u)) a.e. 



18 



NARCISSE RANDRIANANTOANINA 



where Z(-,m n ) is the notation introduced in Section 2. 

Recall that T(m n ) = J n Z(T,m n )(u) d\(u). Since E** does not con- 
tain any complemented copy of £±, the operators T(u;)'s are compact 
for every uj G Q and therefore {T(uj)(p(m n )(uj)),n > 1} is compact 
for a.e. uj. By Ulger's criteria of weak-compactness in Bochner spaces, 
{T(-)(p(m n )(-)), n > 1} is relatively weakly compact in L 1 (A,£i) and 
hence there exists subsequence (m nk ) of {m n ) n such that 



For the next proposition, we consider Q = [0, 1], £ is the cr-algebra 
of the Borel subsets of [0, 1] and A the Lebesgue measure. 

Proposition 5.4. Let X be a Banach space and let us assume that 
there exists a bounded sequence {ak)k&i in ioo (X) that generates a com- 
plemented copy of £i in £oo(X) then there exists a sequence (nik)k in 
M([0, l],c (X)) with m k G M°°(A,c (X)) for every k G N and the se- 
quence (rrik)k is equivalent to a complemented copy of l\ in M([0, 1], Cq(X)). 

Proof. Let (ak)k£N be a sequence that is equivalent to a complemented 
copy of £i in E^X). There exists a bounded operator S from too(X) 
onto £\ with S(ak) = el V k G N. Let (r n ) n >i be the sequence of 
Rademacher functions. For each k G N, we define 



where akin) denotes the n th projection of a k G £qo(X) into X. 
For each n£N, mk{A){n) = f A r n {t)ak{n) dt belongs to X and 



and since (r n ) n is weakly null in L^O, 1] (see for instance 0), lim ||mfc(A)(n)|| = 
0. So rrik is indeed a measure in M([0, l],co(X)). Moreover for every 
measurable subset A of [0,1], ||mfc(74)|| C0 (x) < sup fc ||afc||.A(A) so the 
sequence {m k ) k is bounded and is in M°°(A, c (X)). 




converges weakly in l\. The proof is complete. 



□ 
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For any measure to G M([0, l],c (X)), we will denote by wS n ^ the 
measure in M([0, 1],X) given by m^(A) = m(A)(n) (the n* h projec- 
tion of m(A) onto X). The measure to/™) is well defined for every 
n G N. 

If |to| <C A, then |to(™)| <C A for every n G N and we will denote 
by p(m^) : [0, 1] — > X** a weak*-density of m( n ) with respect to the 
Lebesgue measure A. In this case 

m {n \A) = weak* - f p(m {n) )(t) dt e X 

J A 

for every A G S. Since r n is a simple function on [0, 1], we conclude 
that 

weak* - / p{m {n) ){t)r n {t) dt G X 

J A 

for every n G N and A G E so the measure [to] : £ — > £oo(X) defined 
by 

[m]{A) = (weak* - j A p{m^){t)r n {t) dtj 

is well defined and satisfies 

\\H(A)\\ £oo{x) < ||to(A)|| co(x) . 

Define T : M A ([0, l],c (X)) - M([0, 1],£°°(X)) by 

T(to) = [to] VmG M A ([0,l],c (X)) . 

(Here M A ([0, 1], c (X)) denotes the subset of M([0, 1], c (X)) of all mea- 
sures that are absolutely continuous with respect to A.) The operator T 
is clearly linear and ||T|| < 1. For the operator S : ioo(X) — > l x defined 
above, we consider S : M([0, l],4oP0) -> l x by S(m) = S(m([0, 1])). 
Claim: For all k G N, S o T(m k ) = e* k . 
To see the claim, notice that since 



m k {A) = / r n (t)a k (n) dt 



n>l 



m k n \A) = Bochner / r n (t)a k (n) dt . 

J A 

So 

T(m k )(A) = [m k ](A) = (\(A)a k (n)) ^ 

= X(A)a k . 
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Hence S o T(m/-) = S(ak) = el Wk E N. This shows that (mk)k>i 
contains a subsequence equivalent to the £i-basis in M\([0, 1], c (X)) 
and since M\([0,1),cq(X)) is complemented in M([0,l),Co(X)) (see 
Theorem 1.9 of j3J), the proof of the proposition is complete. □ 

To prove the theorem, assume that i^X) contains a complemented 
copy of t\, then from Proposition 5.4 there exists a bounded sequence 
(mk)k in M°°(A, c (X)) that is equivalent to a complemented copy of t\ 
in M([0, l],co(X)) and this implies from Proposition 5.3 that co(X)** 
contains a complemented copy of £i so c (X)** is an S^-space and this 
is equivalent to cq(X) is an Si-space. This completes the proof of the 
theorem. □ 

Corollary 5.5. If X is a super- reflexive space then £ OQ (X) does not 
contain any complemented copy of i\ . 

As it was noticed in 0, the space X = (® n ^i)i 2 is a reflexive space 
but L°°([0, 1],X) and £qo(X) contain complemented copies of l\. 

Acknowledgements. Most of the work in this paper was done when 
the author was participating in the workshop on linear analysis and 
probability (Summer 1995) at the Texas A&M University. The author 
would like to express his gratitude to the Department of Mathematics 
of the Texas A&M University for its hospitality and financial support. 

References 

[1] F. Bombal. On (V*) sets and Pelczynski's property (V*). Glasgow Math. J., 

32:109-120, (1990). 
[2] S. Diaz. Complemented i\-eopies through local Banach theory. Preprint. 
[3] J. Diestel. Sequences and Series in Banach Spaces, volume 92 of Graduate 

Text in Mathematics. Springer Verlag, New York, first edition, (1984). 
[4] J. Diestel and Jr. J.J. Uhl. Vector Measures, volume 15 of Math Surveys. AMS, 

Providence, RI, (1977). 
[5] G. Emmanuele. On the Banach spaces with the property (V* ) of Pelczynski. 

Annali Mat. Pura e Applicata , 152:171-181, (1988). 
[6] G. Godefroy and P. Saab. Weakly unconditionally convergent series in M- 

ideals. Math. Scand., 64:307-318, (1990). 



COMPLEMENTED COPIES OF l x 



21 



A. Ionescu-Tulsea and C. Ionescu-Tulsea. Topics in the theory of lifting, vol- 
ume 48 of Ergebnisse der Mathematik und Ihrer Grenzgebiete. Springer- 
Verlag, Berlin and New York, first edition, (1969). 

D. Leung. Property (V* ) in the space of Bochner-integrable functions. Rev. 
Roumaine Math. Purcs Appl., 35:147-150, (1990). 

J. Mendoza. Copies of classical sequence spaces in vector valued function Ba- 
nach spaces. Preprint. 

A. Pelczynski. On Banach spaces on which every unconditionally converging 
operator is weakly compact. Bull. Acad. Polon. Sci., 10:641-648, (1962). 
H. Pfitzner. L-summands in their biduals have pelczynski 's property (v*). Stu- 
dia Math., 104:91-98, (1993). 

N. Randrianantoanina. Complemented copies of I 1 and Pelczynski 's property 
(V*) in Bochner spaces. Canadian. J. Math. (to appear). 

N. Randrianantoanina. Pelczynski' s property (V*) for symmetric operator 
spaces. Proc. Amer. Math. Soc. (to appear). 

N. Randrianantoanina and E. Saab. Weak compactness in the space of vector 
valued measures. Rocky Mount. J. of Math., 24:681-688, (1994). 
H.P. Rosenthal. A characterization of Banach spaces containing £\. Proc. Nat. 
Acad. Sci. USA, 71:2411-2413, (1974). 

E. Saab and P. Saab. Stability problems in Banach spaces. Lecture Notes in 
Pure and Appl. Math., 136:367-394, (1992). 

P. Saab. Integral operators on spaces of continuous vector-valued functions. 
Proc. Amer. Math. Soc, 111:1003-1013, (1991). 

M. Talagrand. Quand Vespace des mesures a variation bornee est-il faiblement 
sequentiellement complet ? Proc. Amer. Math. Soc, 99:285-288, (1984). 
M. Talagrand. Weak Cauchy sequences in i 1 (_B). Amer. J. Math., 106:703- 
724, (1984). 

P. Wojtaszczyk. Banach spaces for analysts . Cambridge University Press, first 
edition, (1991). 

Department of Mathematics, The University of Texas at Austin, 
Austin, TX 78712-1082 

E-mail address: nrandri@matli.utexas.edu 



